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SUMMARY

TheJanzen-Rayleighmethodofexpansioninpowersofthestresm
Machnumber~ isutilizedforthecalculationofthevelocitypoten-
tialforsteadysubsonicflowpasta paraboloidofrevolution.Onlythe
firsttwotermsofthisexpansionarecalculated,thefirsttermbeing
theincompressibleexpressionforthevelocitypotential.andthesecond
beingthetermin l&2.A closedeqy?essionisobtainedforthesecond
termintheformofa doubleinfiniteintegralwhichcontai~Bessel
functionsundertheintegralsigns.Themethodsofevaluatingsuchinte-
gralsarenotverynumerous.Utiortunately,thepresentintegraldoes
notyieldtoauyofthem.Noattemptismadeinthepresentpaperto
evaluatenumericaJ3ythisdoubleinfiniteintegral.Expressionsfor
thefluidvelocityeregivenintheformofcorrectionfactorsbywhich
thecorrespondingexpressionsforincmupressibleflowsremultipliedin
ordertotakeintoaccounttheeffectofcompressibility.

,
INTRODUCTION

TheJanzen-Rayleighmethodforthecalculationofsubsonicflow
pastanobstacle,byexpansionofthe~locitypotentialinpowersof
theundisturbedstresmMachnumber,hasbeenextensivelyappliedtotwo-
dimensionalproblems.A considerablevoid,however,existsintheliter-

. atureinsofarasapplicationsofthismethodtothree-dimensionalsMsym-
metricproblemsareconcerned.Exceptforthecaseofflowpasta sphere
andsporadiceffortstotreatthenextshplestcaseofaxisymmetricflow
pasta prolatespheroid,littlehasbeenaccomplishedinthisareaof
subsoniccanpressible-flowtheory.Clearly,then,futureworkutilizing
theJanzen-Rayleighmethodcanbeexpendedprofitablyonaxisynm&ric-
flowproblems.A firststepinthisdirectionhasbeentakenby
A.L.Longhornwhorecently,atthesuggestionofM.J.Lighthill,recon-
sideredtheproblemofsubsonicflowpasta prolatespheroid.(See
ref.1.) Theproblemtreatedinthepresentpaperwasbegunsometime
beforetheauthorbecsmeawareoftheresultsofIonghorn.Fortunately,
thetwoproblemscomplementoneanotherinthesensethattheonetreated

. ..— — ....— _____ ___ ---- ____ . .-, .—— —— --—-
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byLonghornislimitedtoclosedbluffbodies,whereasthepresetione
isconcernedwitha fam3Jyofsemi-infiniteelongatedbodieswithround
noses.

Thechoiceoftheparaboloidofrevolutionasthesolidbodywas
madeforseveralreasons.First,theparaboloidbeinga semi-infinite
bodyand,infact,a limitingcaseoftheprolatespheroid,itwas
thoughtprobablethattheanalysismightinvolvefunctionsofamore
elementarynaturethanforthecaseofa closedbody.Second,thefluid
speedatthesurfacerisesmonotonicallyfrcmzeroatthestagnation
poinktotheundisturbed-streamvalueatinfinity.Therefore,thecriti-
calvalueofthestreemMachnuniberisunity,andhencetherecanbeno
transonicinfluenceintheentiresubsonicrange.Finny, theJanzen-
Rayleighmethodbeinga thoroughlyreliableone,thepresentinvestiga- .
tionshouldprovideusefulinformationwithregardtothequestionofthe
accuracyofthesmall-disturbancemethodforthecalculationofcompres-
sibleflowpastslenderbodies
point.

intheneighborhood

ANALYSIS

ofthestagnation

TheJanzen-l?ayleighmethodhasoftenbeendescribedintheliter-
ature.In%hepresentpaper,therefore,onlythoseeqyationsnecessary
fortheformulationoftheproblemareused.Theproblemtobeconsidered
isthesubsonicflowpasta paraboloidofrevolutionfixedina uniform
streamofvelocityU inthenegativedirectionoftheaxisofsymmetry.
Thenatureofaxisymmetrical.flowis’suchthatthemotionisthesamein
every(meridian)planethroughthekxisofsymnetry.Thepositionofa
pointk a meridianplanemaybefixedbyrectangularCartesiancoordi-
natesx,y withtheoriginatt-he.YoeuEoftheParabolic”meridianpro-
file.(Seefig.1.) Withtherhdiusofcurvatureatthenoseasthe
unitoflength,theequationofthemeridianprofilebecomes

(1)
.

Forsteadysubsonicaxisynmktricflows,theeqpationsatisfiedby
thevelocitypotential# istheequationofconttiuity.

where

[
J&=l 7-1 r-y ~qqa-1)7-1

(2)

(3)

.—. . . ——-. .__. ——-_ —. . . . . . . —. . —-.—— — —



3NACATN3700

and

q nondimensionalspeedoffluidwithU asunitofvelocity

P densityoffluidmovingwithspeedq

Pm densityoffluidmovingwithundisturbedspeedU

k Machnumberofundisturbedstream,~“
m

cm speedofsoundinundisturbedstream

7 ratioofspecificheatsatconstantpressureandconstant
volume

Ifjnow,a seriesexpansionfor @ inpowersof M-2 isassumed,
then

wherethefirstterm
flow.Inthispaper,
tobefoundis

Thus,thisexpression

do isthevelocitypotentialinincompressible
only@l iscalculatedsothattheformof @

fl=@o+%2$1
for # issubstituted

tion(3) isUtilizedwith -

q2=

Thenjwhenthecoefficientsof
eqyatedtozero,thefollowing

thezeroethand

(4)

intoequation(2),andequa-

firstpowersof ~2 are
pairofequationsisobtained:- “

(5)

where~ isthelocalvelocityinincompressibleflow.

- —- . . . .. -.-—. ___ ——. —.-—-- — ———. — -——. ——
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Thevelocitypotentialfori.nccmrpressibleflowpasttheparaboloid
ofrevolution

wheredo is

definedbyequation(1)isreadilyfoundtobe

@o=-x

non~nsicmal

+* 1O.(X+Lc7) (7)

withtheundisturbedvelocityU asunit
ofvelocityandtheradiusofcurvatureatthenoseasunitoflength.
Equation(7)satisfiesequation(5)andtheboundaryconditionsofvan-
ishingnormalvelocityatthesurfaceandofvanishingdistw?banceveloc-
ityMinitelyfarfromtheparaboloid.Theexpressionforthemagnitude
oftheincompressiblefluidvelocityis

(8)

Atthispointitisconvenienttointroducea newsetofindependent
variables. Ideally,theappropriatecoordinatesystemforthepresent
problemisa paraboliconewhichdefinesmutuallyorthogonalfamiliesof
confocalpsrabolasina meridianplane.Thus,theconfomaltransformation

z =X+iy= (g+ iq)p= ~2

gives

(9)

Theeliminationofthe

Thenthesurfaces5 =
tionwiththe-fecusat

x= #’ . f

Y = 2Eq
1

variableq ineqyatlons(9)yields

x- 9E2‘-—&E2

constant= E. areconfocalparaboloidsofrevolu-
theoriginandtheradiusofcurvatureatthenose

egyalto 2~oZ.Withthisradiusofcurvatureasunitoflength,equa-
tions(9)arenondimensionalandthesolidbouudaryisgivenby go= ~

E
orequation(1).
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Theequationscorresponding

5

to “equations(5)and(6)are

(lo)

where

~2=aandq2=~

Also,equations(7)and(8) become,respectively,

#o=.4x+p+*log2a (1’)

%2-1 ‘-—a:$+& (13)

Then,equation(n) forthevelocitypotential$$1takestheform,

Thecomplementarysolutionofthispartial-differential
easilyfoundbyassuminga solutioninproductform:

~) 16a(a+ ~)2
(14)

egyationis

Thenthehomogeneousformofequation(14)becomes

.

. . . . .. .——___ ._ ._. _ _- .- .—— —— ____ .-_. __
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d
(

—a
da

whereX isanarbitraryreal
formsofBessel~sdifferential
zero.Therefore,

A

and

(15)

constant.Equations(15)areequivalent
eqyationforcylinderfunctionsoforder

= Co(ix$i)

B = Co(X@)

whereCo representsanycylinderfunctionoforderzero.

Thenatureofthepresentproblemissuchthatthecylinderfunctidn n
involvingthevariable‘a s~ behave
sarilyfor a+ O sincea =~ atthe

onvalueslessthanthat.Ontheuther
involvingB mustbeofsuchtypethat

where~ isthe
orderand Jo is
Thegraphof.~

Clearlythen~-

wellfor a+ m butnotneces-
solidboundaryandnevertakes
hand,thecylinderfunction
itbehaveswellfortheentire

A = ~(1~)

B = JO(X@)

modifiedBesselfunctionofthesecondkindandzero
theBesselfunctionofthefirstkindandzeroorder.
resemblesa rectangularhyperbola

andthat of Jo,a dampedcosinewave.Thegeneral
tion @lc ofequation(14)canthenbewrittenas

#,c=& %l%(hJaJo(%lJi$
?kl

wherethevaluesof Cn arearbitraryconstantsto

in thefirstquadrant
complementarysolu-

(16)

bedeterminedby
meansoftheboundaryconditionthatthefluid-velocity@mponentnormal
tothesurfaceoftheparaboloidshallvanish.

—..-. -—.. — —.. . ——. —.— —— . . . .
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A suitableparticularintegralofequation(14)isnowsought.
Unfortunately,theright-handsideofthatequationcannotbeseparatedinto
a sumofproductsoffunctionsof a aloneandof j3alone;hence,the
taskoffindinga particularintegraldirectlyfrcmequation(14)isprac-
ticallyfutile. However,bytemporaryuseofpolarcoordinatesasinde-
pendentvariablesthedesiredseparationofvariablescanbeachieved.
Thus,

x =rcos61

1
(17)

y=rsin O

wheretheradiusvectorr isnondimensionalwiththeradiusofcurvature
atthenoseoftheparaboloidasunitofI.e@handwherethemale e is
measured

The

positivec&nterclockwise.(Seefii.1.)

polarequationoftheparabolicmeridianprofileis

r 1
‘l+c08e

(18)

andthee~ressionsfortheinccunpressiblevelocitypotentialandfluid
speedgivenbyequations(7)and(8), respectively,are

94=-rcos e

%2 =1-$+
1+*logr(l+ cose)

-L I
a%(l+ cos e) J

(19)

1

Thus,attheuppersurfaceoftheparaboloidofrevolution,theexpression
fortheincompressiblefluidspeedissimply

Itisinterestingtonotethecuriousfactthatthisexpressionforthe
velocityatthesurfaceofa paraboloidofrevolutionispreciselythe
seineasthatforthevelocityatthesurfaceofa two-dimensionalpara-
boliccylinder.Thee@anationliesinllunk:srulewhichstatesthat
thesurfacevelocityonanyellipsoidimersedina uniformflowalong
a principalaxisistheprojectionofthe~ velocity(inthepres-
entcase,unity)onthetangentplanetothesurface.(Seeref.2.) This
isobvioudythessmeforbotha paraboliccylinderanda paraboloidof
revolutioninviewofthefactthatMunk’sruleincludesthetwo-
dimensionalcase.

. . .. . . . .- —..____ __.. ._.+——— . .—..—. —— —— — __
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Whenequations(17)and(19)are
forthevelocitypotential.~ takes

utilized,differer.rtialequation(6) -
thefOllowingfOrm:

*

wherep = cose.

Notethatthedesiredseparation
theright-handsideofeqyation(20).

ofvariableshasbeenachievedon
Thetaskoffindinga particular

integralthenbecomesa routineproblem.Thefollowingparticularinte-
w~ #1* ofequation(20)hasbeenconstructedwiththepointinmind
thatitbewellbehavedeverywhereatthesurfaceof
thefieldofflow:

r
fl 1lP=*~-*logr(l+~)3+&l

(*IJ1OE?(1+IJ+ l+~uog

“J’ 1

wlog(l * v) - log‘ dv*P -0 1 -P

Thisparticular-integralmaybeexqn?essedin
natesbymeansofthefolJm&gequationsof

}

a+-fl

a-13
a+fl

- log2

)
2 log(l

theboundaryandin

1-—-
1+~

+v)- .

(’l) -

termsofparaboliccoordi-
transformation:

Thegeneralsoltiionforthevelocitypotential@l thenbecomes

L

(22)

1la-p SIW(l+P)-L3g2-—
2a+~ 0 l-p

—. . —. .- —
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wherethe@rbitraryconstantsCn aredeterminedby
aryconditionthatthenormalcomponentofthefluid

9-

meansofthebound-
velocityatthesur-

faceoftheparaboloidshallvanish.Inaddition,thereistherequire-
mentthatthedisturbancevelocityshallvanishatinfinityforpoints
notneartheparaboloid.Now, do,bex thesolutionforincompressible
flow,satisfiestheseboundaryconditions,andhence~ mustalsosepa-
ratelysatisfythem.Anexaminationofequation(23)showsthatthedis-
turbancevelocityvanishesatinfinity.Thenormalboundemycondition

()
Ml = O thenweldsthefollowingequationforthedeterminationof
z+
thearbitraryconstants:

r

1* log2(l+ 2P)+ I(p)

where,for

and

= F(p)

convenienceofexpression,

%=

Now,therangeofthevariable

log(l+~)- log2
1 -IJ

p alongthe upper

(24)

surfaceofthesolid
boundaryextendsfrcm O to m. Therefore,thedeterminationofthe .
complementaryfunction@lc mustproceedalong-scorrespondingto
thepassagefroma Fourierseriestoa Fourierintegral.Thus,multi-
P~W bothsidesofeqwtion(24)by ~Jo(&@)d@ andinte~tingfi~
O toanarbitraryupperlimitb give

..— — —— .. . . .—— ——.. . . —..
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whereAl, 12,. . . aredifferentvaluesof A forwhichJo(bAn)= O.
Inequation(~),usehasbeenmadeofthewell-lmownorthogonality
condttion

(h +An)

Thequantity~ isnowdefinedas b&/b,andtheupperlimitb
istakentobeverylarge.‘l&
of ~ maythenbeobtainedby
Thus,theapproximatingfommila

clifferencebetweentwoconsecutivevalyes
consideringlargezeros(bAn)of Jo.
f-orthenthzerois

(26)

Hence,thedistancebetweenconsectiivezerosapproachesx andthe
differencebetweentwoconsecutivevaluesof ~ becames

or

J1(bAn)= ‘ 4/

m
Yrb
?2

orwiththeaidofequation(26),

J1(bAn) -(-1)”

= f=

.

“

w

—..— —..— ..
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Itfollowsthenfromequation(25)that

Introducingthise~messionfor dn
mentaryfunction@lc,replacingthe
theupperMmitsgotoinfinitylead

intoequation(16)fortheccmple-
sumationbyintegration,andletting
tothefollowingexpression:

J

w
dm Foot dt (27)

o

Insertingthisexpressionforthecomplementaryfunctionintoequation(23)
thenyieldstheexactformforthesecondtermintheJanzen-Rayleigh
methodforthecalculationofsubsonicflowpasta paraboloidorrevolu-
tion.Equation(27)canbeverifiedbymeansoftheboundarycondition

andtherecurrencerelation

Thusthewel.l-lamwnFourier-Besselintegral (ref. 3) isobtained:

F(t2)Jo(ust)Jo(m@tdt

NUMERICALCONSIDERATIONS

Attemptstoevaluatetherigh%-hamdsideofequation(~),oreven
toreduceittoa singleinfiniteintegral,havethusfarprovedfruit-
less.Itappearscertainthat,inordertoobtainnumericalresults,
equation(27)for $?$Coritsderivativeswithregardto a and P
mustbecalculateddirectly.Thiscalculationisnotdoneinthepresent

.—.—-... .._ __ ___ ---- ----——— ———-— —. — .—— —. .. —— - .— .
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pa~r. Rather,inpreparationfor
necessszytoevaluatetheintegral

NACA

suchnumericalcomputations
appearingintheexpression

for F(B);thus,

l-2f3

f
I(p)= ~

o

Then,thefollowingexpansions

log(l+

log(l+ ~)- log2

TN3700

it is
(eq.(24))

1 -v

are considered:

,.

P)=-~ (-1)”d
Kl=l

n (-l< p?l)

and
; (-l)nlog2=- —-“.1 n

Itfollowsthat

log(l+ p)- log2
1 -v

m (-l)n g ~-l= E P
n=l n m=l

Hence

Notethattheconvergencehasbeeninqyuvedbytheactofintegrationto
includep = -1. Thus,

where

Now

.

—
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and

13

Therefore,

Mm I(p)= ; log22
B+o

For ~+rn or K--l, equation(28)

YF-—
-3.2

~ - 0.58224

gives

(29)

Mm I(B)=~
f3j m n=l

orafterrearraugqmentoftermson

(-l)n ~ ,I#!
n W-1

theright-handside

w (-l)nElim I(f)) =- — sn+~ %
p+ cm n=l n n=l2n(2n+ 1)

=- lti I(p)+ ~ ‘n
p+o n=l 2rL(2n+ 1)

Theseriesontheright-handsidecanberenderedmorerapidlyconvergent
byrepeatedapplicationofKinmnertstransformation(ref.4);thus,

1~ I(P)=~-~lof2+~+&’ 1
$+m 60 4 ~=1(n+ l)(2n+3)(2.n+5) +

%

‘=1 n(2n+l)(2n+3)(2n+ 5)

Finally,for O<~<w or V2<1,

n+l n
= log2 log(l- P)-y~zq

r-ln+lm~

2n+l
= log2 log(l- p)-* lW(l+ L)log(l- p)+ ~ ~nda+l%n

.. —-—-.. . _____ _ ——.—=. —.- —. —— .. . _______ _ ——- —
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where

Thus,

I(f3)=~log

:
Withtheai~

NACATN3700
.

,.

ta=l.~+u+... +sa+3F

* log2(1+ 2p)+ ~
n=l

ofequations(29)and(30)
pukedforallfiti-tevaluesof ~. ‘For
F(J3)inequation(24)becomes

2%(%%)-’1‘0’’<”)

the functionF(13)canbe
O< ~< co,theexpression

F(9)= 1

{

al - 2P)El + log(l+ 2P)]
(l+2p)5 2

[

1-4P A~og2plog2(l+ 2P)+==

(1+ 2p)42

\
+ (1+ 2p)log2 +

(30)

com-
for

J

t~ 1 - apa+l-().—
2n+ll+213

TableI listsvaluesof F(p)’and I(j3)fortherangeO ~ ~:9,
andfigures2 snd3 sh&the graphsofeach.Forthelaterpm-oseof
calculatingthevelocitydistributionintheneighborhoodofthestag-
nationpointandalsoalongtheaxisofsymmetryoftheflow,general
expressionsarepresentedinthefollowingsection.

CMCUIATIONOFFLUIDVFLOCITYATTEE

ANDAIONG!I!EFIAXISCW’SYMMETRY

Thefluidvelocityata pointonthebody

SOLIDBOUNDARY

OFFIOW

isgivenby

whereds istheelementofarcinthedirectioninwhichq increases
and ~

ThenJintermsofthevariable~ = q2,

.———.—--. —.- .— ..- —..—— ---—— -- ... . . . —— -.
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(31)

Withtheaidofequations(12)and(23),equation(31)yieldsthefol-
lowingexpressionforthefluidspeedalongthesolidboundaryforthe
rangeO~~el:

- 2j3 log(l+2p)- (i-2P)(l+4j3)10g 2 + 1
(:+29)4 4p 2(1+2p)4 l+2j3 2(l+2p)2-

6-510g2- 1

())

a~lc

2(1+ 2p)3 z ‘-0$2+ wa=~ (32)

2

where
rqso=- isthemagnitudeofthefluidvelocityatthesur-
l+2j3

facein incompressibleflowand @lc is.ivenbyequdion(27).

Thefluidvelocityalongtheaxisofsyametryoftheflowisgiven
by

Thenwith~heaidofe~tions(12)and(23), >

(33)

whereqxo= -1+ * isthevelocityofthefluidalongtheaxisof

symmetryinincompressibleflow.Equations(32)and(33)ham theform
ofcorrectionfactorsbywhichqso and qxo aremultipliedinorder
totakeintoaccounttheeffectofcanpressibility.Itmeybedesirable

. _____ . _ — —... ...— —-.—— _______ -- ———. --——— . . ... ..
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.
toutilizethearclengthSp ofthepsrabolicmeridianprofileasthe ,
referencevsriableratherthan ~. Thearc
ofcurva- atthenoseasunitoflength,

[ (Sp=$m=im+bdz+

lengthSp,withtheraditi ,
isgivenby

m] (34a) “

or

sin~ +1 l+sin~
‘$= l+c!ose ~ log

Cos-:
(34b)

a
Forpurposesofcomparison,considerthetwo-dimensionalcaseofuniform
subsonicfluwpasta paraboliccylinder.Thefollowingformulas,corre-
spondingtoequations(32)and(33),areeasilyobtainedfromreference5:

~.=%opscos2++cos, (3:{-4cosg10g2cos~]

“

(35)
and

{[

G log* x

%=%0 %~2&-- )+4x(&.@)
J}

(36)

whereqso-=sin~ and ~. = -1+ -&
G

CONCLUDINGREMARKS

~ ,conclusion,thepresentp~erpEC@desanadditionalexampleto
thespadseUtera*e onsribsonicsxisymnetricalflow.Theattempthas
beenmsdetochooseassolidboundarya shapewhichdoesnotreqpire
involvedandcumbersomesnslysisbut,atthesametime,whichisof
interesttoboththeoreticalandapplied”aerodynsmicists.Attentionis
particularlydirectedtothedmibleinfiniteintegralofequation(27).
Suchintegrsls,tivolvingEesselfunction8undertheintegralsigns,are
notonlyofgreatinkeresttothepuremathematicianbutarealsoof

..—
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extremeimportancein miqybranchesofmathematicalphysics.Theaddi-
tionofanotheronetothelargenwiberofsuchintegralswhichhave
alreadybeenevaluatedcangeneraUybecountedupontoaidinthesolu-
tionofmanyproblemsinvariedfields.

LangleyAeronauticalLaboratory,
NationalAdvisoryComnitteeforAeronautics,

-ey Field,Va.,~ch 14,1956.
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TABLEI

TABULATEDVALUESCWTEEFUNCTIONSI(j3)AND F(p)

o
.02083
.04167
.06250
.08333
.10417
.12500
.14583
.16667
.18750
.20833
.22917
.25000
.31250
.37500
.43750
.50000
.56250
.62500
.75000

-0.58224
-.54184
-.50378
-.46788
-.43393
-.40176
-.36666
-.%222
-.31459
-.28825
-.26309
-.2395
- .=602
-.15249
-.og606
-.04555
0
.@132
.07901
.14535

-1.62932
-1.18932
-.85251
-.59387
7.39490
-.241~
-.l.23g8
-.03368
.03524
.(X3742
.12650
.15527
.175g5
.20490
.20510
.19195
.17329
.15309
●13333
.09S29

0.875
1.OQO
1.200
1.400
1.600
1.700
1.800
l.goo
2.000
2.500
3.000
3.500
4.cno
:.og

7:oa)
8.000
9.000

00

0.20199
.25103
.31729
.37215
.41845
.43906
.458u
.47591
.49255
.56Mh
.61U2
.65589
.68955
.74108
.77I6o
.80804
.83123
.85016

1.06000

F($)

0.07033
● 04879
.02452
.00855
-.00105
-.00461
-.00746
-.00974
-.01155
-.01612
-.01693
-.01633
-.01523
-.Q3283
-.01074
-.00904
-.00771
-.00664
0

-. .-
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FYgurel.- Profileofparaboloidofrevolutiontnmeridianxy-plane.
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